Calculus 11
Math 142 Fall 2008

Professor Ben Richert

Exam 2
Solutions
A few integrals:
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Problem 1. (10pts) Show how to compute /3—/2 dx.
T
Solution. We use integration by parts, /f(x)g’(x) dr = /f ) dx, with the table:
—2
f(@) =z | g(z)= xT{Q
f(x)=1/z | g'(2) = 32
Thus 1 21 2 21 1 21 2
nz —2Inzx - —2Inz —2Inzx -
/933/2 dr = 212 _/:173/2 dx = 212 +2/x3/2 dr = 212 +2:r1/2 +C.
V10 23
Problem 2. (15pts) Show that/ ————— dx =17/6.
v (Va? —1)3

Solution. We use inverse trig substitution. Let x = sec§ whence the lie is that dx = secftanf df. So

/\/ﬁ x3 dx_/x_msecg’esecﬁtane de_/x_msec‘letan@ 40
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Now let u = tan @, whence the fib is that du = sec? 8 df and we obtain:
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Using the usual triangle, we find that tan§ = v/22 — 1 so we have
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Another method is to start by taking u = 2> — 1, which works out nicely.w
Problem 3. (15pts) Demonstrate how to compute /glj——~_1 dz.
(2 4+ 1)(xz—1)
Solution. We do expansion by partial fractions. Write
r+1 Az + B C
(@2 +1)(z—1) 22+1 Ay
then clear denominators to obtain the equation
z+1=(Az+B)(x — 1)+ C(2* + 1).
Setting z = 1 yields
1+1=(A+B)(1-1)+C(1*+1) = (A+ B)(0) +2C = 2C,
or C'=1. Thus
r+1=(Az+B)(x—1)+ (2* + 1),
or
—2? + o= (Az+ B)(z —1).
Setting z = 0 yields
0=(A(0)+B)(0—1)=-B,
or B =0. Thus
—2? 4= (Az+0)(x — 1) = A2 — Az,
so A = —1. Now we have
/Mdas:/<x+ ! ) da::—/ ° dz+/id;c
(22 +1)(z—1) 22+1 x-—1 x2+1 x—1
2
_ 771n|x2+ U -1+ 0

where I am using two facts which we know from class:

1 2

and

1
/ de=Inlz+a|+C.
T +a



Problem 4. (20pts) Determine whether each integral is convergent or divergent. Show how to evaluate those that are
convergent.

(a— 10pts)/ — dx.

Solution. This is an improper integral, so:
4
/O — dx = bg&/ 7 de = lim, s\f = bli%(s\/i— 8Vb) =16 — Jim, 8vb = 16.

We conclude that the integral converges to 16. Note that we used that +/z is continuous from the right, and thus
that lim, 8vb=8v0=0.
—0
|
1 4 sin?(e®0%%)
(b—10pts) / _
f
Solution. Note that 14 sin?(e®5®) > 1 for all > 1 since sin?(e°*®) = (sin(e°®))? > 0 for all 2 > 1. Thus
s 2/( cosx
0< 1 < 1 + sin®(e57%)
vz Ve
<1
for all z > 1. This fact, along with the observation that / 7 dx diverges by the P-test, implies by the
1 x

dr.

0 q :n2( cosx
Comparison Test that / M dx diverges. O
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Problem 5. (15pt5) Use the trapezoidal rule to estimate the net distance traveled by a snail from t =0 to t = 1 if the snail
t3

has velocity v(t) = " in inches per hour at time t. Your estimate should be have error at most 2—60

1
Solution. Note that net change is the integral of rate. So we want to estimate / et dt~T
0

1-0)3K
We know that \ET | < % where K is such that K > [f”(z)| on [0,1]. Here f'(z) = 3t2%"" and f”(z) = 6te! +9tie’’.
Of course, Gtet’ + gtiet’ > 0 on [0, 1] since each of the component functions is positive. Also, 6t, 9t*, and e’ are increasing

on [0,1] (simply observe that each of their derivatives 6, 32t3, and 3t2e!” are positive on [0, 1]), so that the maximum value
of f”(t) on [0,1] occurs at t = 1, that is 6te! + 9t'e’” < 6e + 9e = 15¢ on [0,1]. Thus we may take K = 15e, and conclude

15 5 5 550
that |Eq, | < 17:2 = ﬁ~ In order that [Er, | < % we need n such that 4:2 < 250 that is, such that n? > Ze = 25.
Here n = 5 does the trick. Now we have

Az

T5 = 7 (U(to) + 2U(t1) + 2U(t2) + 2U(t3) + 2U(t4) + ’U(t5))
with Ax = }, and
g = 0
X1 = 1/5
o = 2/5
r3 = 3/5
Ty = 4/5
Irs = 5/5
So )
/ et’ dt ~ Ts = % (603 +26(1/5)% 4 96(2/5)* | 9,(3/5)% 4 9o(4/5)* | e(5/5)2)
0
inches with error at most i O

20°



