Math 314 Lecture #23
§15.5: Applications of Double Integrals

Outcome A: Use double integration to recover mass from the density.

Suppose a lamina occupies a region D of the zy-plane, and is density (mass per unit
area) is given by a function p(z,y) continuous on D.

The density of the lamina at a point (x,y) in D is given by
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where Am is the mass of the rectangles R containing the point (x,y) whose area AA is
shrinking to 0.

The mass m of the lamina is recovered from its density through the double integral:
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Example. Find the mass of the lamina whose shape is the triangular region D enclosed
by the lines z = 0, y = z, and 2x + y = 6, and whose density is p(x,y) = x + y. Here is
a picture of the region D.

The region D is of both types, but is easier to render it as of type I, namely
D={(z,y):0<2x <22 <y<6—2z}.

The mass of the lamina is
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Outcome B: Use double integration to compute moments and center of mass of lamina.

Recall that the moment of a particle about an axis is the product of its mass and its
directed distance from the axis.

The moment of a lamina occupying a region D with density p(z,y) about the z-axis
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The moment of the lamina about the y-axis is
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The center of mass of the lamina is the point (Z,y) where
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where m is the mass of the lamina; the center of mass is the point on which the lamina
would balance perfectly.

When the density is uniform, i.e., p(z,y) is a constant, the center of mass is the geometric
center. Where is the geometric center of North America?

Example (Continued). The moment about the z-axis of the lamina occupying the
region D enclosed by x =0, y = x, and 2z + y = 6, with density p(z,y) = x + y is
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The y-component of the center of mass is
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The moment of the lamina about the y-axis is
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The x-component of the center of mass is
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Recall that the momenta of inertia, or the second moment, of a particle of mass m about
an axis is mr? where r is the distance of the particle from the axis.

The moment of inertia of a lamina occupying a region D with density p(z,y) about

the z-axis is
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the momenta of inertia about the y-axis is
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and the momenta of inertia about the origin is
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Notice that Iy = I, + I,,.

Example (Continued). For the lamina in the previous examples,
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