Math 254 ~ Multiple Integration
14.1 - Iterated Integrals and Area in the Plane

Iterated Integrals
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Use partial integration with respect to y to compute the inner integral (treating x as a
constant.)
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Use partial integration with respect to x to compute the inner integral (treating y as a
constant.)

Note: In each of these iterated integrals, the inside limits of integration can be variable
with respect to the outer variable of integration. However, the outside limits of
integration must be constant with respect to both variables of integration.

Definition — A vertically simple region, R, is a region in the xy-plane that lies between
the graphs of two continuous functions of x, that is,

R={(x,y)|a<x<b,g;(x) <y<g,(x)}
where g, and g, are continuous on [a,b].

Definition — A horizontally simple region, R, is a region in the xy-plane that lies
between the graphs of two continuous functions of y, that is,

R={(x,y)[c<y=<d,h(y)<x<hy(y)]
where h, and h, are continuous on [c,d].



Area of a Region in the Plane

If Ris defined by a<x<b and g;(x) <y<g,(x), where g; and g, are continuous on
[a,b], then the area of R is given by

b 9,(x)
A:j j dydx
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IfRisdefinedby c<y<d and h(y)<x<h,(y), where h and h, are continuous on
[c,d], then the area of R is given by

d hy(y)
A:I j dxdy
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Note: If a region is both vertically simple and horizontally simple, then the iterated
integral can be ordered in either way, that is, dxdy or dydx.

Note: The order of integration can greatly affect the difficulty of the integration!

Note: To change the order of integration, it helps to sketch the region.



14.2 — Double Integrals and Volume

Definition — Double Integral

If f is defined on a closed, bounded region R in the xy-plane, then the double integral of
f over R is given by
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provided the limit exists. If the limit exists, then f is integrable over R.

Volume of a Solid Region

If f is integrable over a plane region R and f(x,y)>0 forall (x,y) inR, then the
volume of the solid region that lies above R and below the graph of f is defined as

V:J-J‘f(x,y)dA
R

Theorem — Properties of Double Integrals
Let f and g be continuous over a closed, bounded plane region R, and let ¢ be a constant.

1) -U cf (x, y)dA= c-” f (X, y)dA
R R

2)
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[f(xy)£a(x y)]dA=J‘J- f(x, y)dAng(x, y)dA
R R

f(x,y)JdA>0, if f(x,y)>0 forall (x,y) inR

o
R

.f(x, y)dAszg(x, y)A, if f(x,y)>g(x,y) forall (x,y) inR
R

5) 'U f(x,y)dA= J:[ f(x, y)dA+jj f(x, y)dA, where R is the union of two non-
R R R,

overlapping subregions R; and R,.



Theorem — Fubini’s Theorem

Let f be continuous on a plane region R.

1) If Ris defined by a<x<b and g,(x) <y <g,(x), where g, and g, are continuous
on [a,b], then
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2) If Risdefined by c<y<d and h(y)<x<h,(y), where h and h, are continuous
on [c,d], then

d h,(y)
”f(x, y)dA= j j f(x, y)dxdy
R ¢ h(y)



14.3 — Change of Variables: Polar Coordinates

Definition — A polar sector is a region R defined by

R={(r,0)|n<r<r, 6<60<6,}, where r,r, 6,06, are constants.

Definition — An r-simple region, R, is a region in the r@ -plane that lies between the
graphs of two continuous functions of 4, that is,

R={(r,0)|a<0<p, 0<g,(0)<r<g,(0)}
where g; and g, are continuous on [«, f].

Definition — An #-simple region, R, is a region in the r@ -plane that lies between the
graphs of two continuous functions of r, that is,

R={(r,0)|n<r<r, h(r)<o<hy(r)
where h; and h, are continuous on [r;,1,].

Theorem — Change of Variables to Polar Coordinates

Let R be a region consisting of all points (x,y) = (rcosé,rsin @) satisfying the
conditions 0<g,(0)<r<g,(0), a<d<p,where 0<(f-a)<2z. If g, and g, are
continuous on [a, A] and f is continuous on R, then

B 9,(0)

J‘J‘ f(x, y)dA:I I f(rcosé,rsind)rdrdd
R
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Note: There is an extra factor of r in the polar form!!! rdrd@g!!!



14.4 — Center of Mass and Moments of Inertia
Definition of Mass of a Planar Lamina of Variable Density

If p is a continuous density function on the lamina corresponding to a plane region R,
then the mass m of the lamina is given by

m= j'[p(x, y)dA
R

Note: If the lamina has a constant density, then p(x,y) is a constant function, call it
simply the constant p, and then the mass is simply

m [ oan=p| [ar-pn.

R R

Moments and Center of Mass of a VVariable Density Planar Lamina

Let o be a continuous density function on the planar lamina R. The moment of mass
with respect to the x- and y-axes are

M, =IJ‘ yp(x,y)dA and M, :.”x,o(x, y)dA.
R R

If m is the mass of the lamina, then the center of mass is

(m){ﬂﬂj.

m m

If R represents a simple plane region rather than a lamina, the point (X,¥) is called the
centroid of the region.



14.5 — Surface Area
Definition of Surface Area

If f and its first partial derivatives are continuous on the closed region R in the xy-plane,
then the area of the surface S given by z = f(x, y) over R is given by

Surface Area = j I ds =” \/1+[fx(x, I+, (x, y)I*dA.
S R

14.6 — Triple Integrals and Applications
Definition of Triple Integral

If f is continuous over a bounded solid region Q, then the triple integral of f over Q is

defined as
n
f(x,y,2)dV = lim E f (%, Y z)AY,
|a]—0
Q i=1

provided the limit exists. The volume of the solid region Q is given by

Volume of Q = jjjdv .
Q

Theorem — Evaluation by Iterated Integrals

Let f be continuous on a solid region Q defined by
asxs<b, h(X)<y<hy(x), gi(xy)<z<gy(x,Y)
where h;,h,,09;,9, are continuous functions. Then,

b h,(x) g,(x,y)

.”.[ flxy 2)dv :j J‘ J £ (x, y, 2)dzdydx .
Q

a h(x) g,(x.y)



14.7 — Triple Integrals in Cylindrical and Spherical Coordinates

Cylindrical Coordinates
X=rcoséd, y=rsing, z=z

Given Q is a solid region whose projection onto the xy-plane is the region R. Suppose
that

Q={(x,y,2)[(x,y) isin R, h(x,y)<z<hy(x,y)}
and
R={(r,0)|6,<0<6,,0,(0)<r<g,(0)}.

If f is a continuous function on the solid Q, you can write the triple integral of f over Q
as

h, (x,y)
L”f(x,y,z)dV=jj j f(x,y,z)dz |[dA
Q R Lh(xy)

where the double integral over R is evaluated in polar coordinates.

So, if R is r-simple, the iterated form of the triple integral in cylindrical form is

6, 9,(0) h,(rcosé,rsing)

Jjjf(x, y,z)dV :.[ j J. f(rcosé,rsin@,z)rdzdrdé@
Q

6, 9,(0) h(rcosé,rsing)

Spherical Coordinates

X=psingcosd, y=psingsingd, z=pcos¢g

0, ¢, p,
IJ‘J f(x,y,z)dVv =jjjf(pSin¢COS€,pSin¢Sin9,pCOS¢)p2 singd pdgd &
Q 6 ¢4 P

Note: These formulas can be modified for different orders of integration and generalized
to include regions with variable boundaries.



14.8 — Change of Variables: Jacobians
Definition of the Jacobian

If x=g(u,v) and y=h(u,v), then the Jacobian of x and y with respect to u and v,
denoted by d(x,y)/d(u,v), is

o o
Any) _fou v axy oy ax

o(u,v) |dy g:auav ou ov
ou ov

Theorem — Change of Variables for Double Integrals

Let R and S be regions in the xy- and uv-planes (respectively) that are related by the
equations x=g(u,v) and y =h(u,v) such that each point in R is the image of a unique
pointin S. If f is continuous on R, g and h have continuous partial derivatives on S, and
d(x,y)/d(u,v) is nonzero on S, then

J‘J‘ f(x, y)dxdy=J‘J‘ f(g(u,v),h(u,v))
R S

_a(x, y) dudv
o(u,v)




