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9.6 The Ratio and Root Tests 627

9.6 The Ratio and Root Tests

8 Use the Ratio Test to determine whether a series converges or diverges.
8 Use the Root Test to determine whether a series converges or diverges.
8 Review the tests for convergence and divergence of an infinite series.

The Ratio Test

This section begins with a test for absolute convergence—the Ratio Test.

THEOREM 9.17 Ratio Test
Let X a,, be a series with nonzero terms.
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2. The series X a,, diverges when lim
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3. The Ratio Test is inconclusive when lim
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Proof To prove Property 1, assume that
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and choose R such that 0 = r <« R < 1. By the definition of the limit of a sequence,
there exists some N > 0 such that |a,, ;/a,| < R for all n > N. Therefore, you can
write the following inequalities.
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The geometric series Y |ay|R" = |ay|R + |ay|R* + - - - + |ay|R" + - - - converges,
n=1

and so, by the Direct Comparison Test, the series
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also converges. This in turn implies that the series = |a, | converges, because discarding
a finite number of terms (n = N — 1) does not affect convergence. Consequently, by
Theorem 9.16, the series £ a, converges absolutely. The proof of Property 2 is similar
and is left as an exercise (see Exercise 99).

See LarsonCalculus.com for Bruce Edwards’s video of this proof. ]

The fact that the Ratio Test is inconclusive when |a, . /a,| — 1 can be seen by
comparing the two series = (1/n) and £ (1/n2). The first series diverges and the second
one converges, but in both cases
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