Calculus ITI - Fall 2013

Midterm Exam I, October 3, 2013

MC (10 points). This part consists of 5 multiple choice problems. Nothing more than the answer is
required; consequently no partial credit will be awarded.

1. Find/ dv
20+ 7
® In|22+ 7|+ C
® 2|22+ 7|+ C

1
© §1n|2x+7|+0 «—— Correct Answer
1

® ;1n|2x+7|+0
Solution:
20+ T7T=wu

ic d2x+7)=du 1
2 +7 | 2dr=du T2

1
dr = édu

1 1 1
/—du:—1n|u|+C:—ln|2x—|—7|—|—C
U 2 2

2. Find /\/ 3x + bdzx.
2
® §(3$ + 5)3/2 + C «— Correct Answer
1
® 5B+ 532+ C

1
© 3z + 532+ C

© 33z +5)"2+C
® 3(3z+5)32+C

Solution:
[ 3z +5=u 1
o d(3z+5) =du 1 U L gl
/‘3“5@:/(3“5) =1 3de = du :§/“ =3 te
1

_dx:§du |
1 u?? 1 (32 +5)%2 1 2 5 2
= =« — = = — = — . — /2 e 3/2
3 3/2+C 3 32 +C 3 3(3x+5) +C 9(3x+5) +C



3. Find /sin(l — bx)dz.
1
oy ~F cos(bx — 1)+ C

1
® 5 cos(bxr — 1) + C «— Correct Answer

© 5cos(bx—1)+C
O —5cos(br—1)+C
® None of the above

Solution:
1—-5z=u |
d(1—b5z)=du 1 1 1
/sin(l =bx)dr = | _50. — i = —g/sinudu = —3(—cosu) +C = gcosu+0
1
i dr = —gdu |

1 1
= gcos(l—5z)+C: gcos(5z—1)+0
4. Find / T3y,
@ e(2+z)/3 +C
® 2:2+23 4 ¢

© %e(2+m)/3 +C

@ %6(24-:0)/3 +C

® 3e+2)/3 1 C «— Correct Answer

Solution:
EFE
3 3"
d 2 + ! d
2+z 2,1 — — =

/e(2+x)/3dx = /egdaj = /€3+3xdl’ = 3 3I R - S/e“du =3¢ + (O = 33H0/3 4 ¢
1d du
“dr —
3
dr = 3du

) dx | ]
5. Fmd/l%—zz’

@ In(1+2%)+C

® arcsinx + C

© arccosz + C

O arctanz + C' «— Correct Answer

® tanx +C



FR (40 points). This part consists of 10 questions. Fach question will be graded on a pass/fail basis. You
are required to show all your work and provide the necessary explanations everywhere to get full credit.

Find the following integrals:

1. / 7\3/11_2\/;%@1’

Solution:
Va2 — %dz _ 223 _ x1/4d$ _ i/?’ B i/ﬁ‘ dr — (x2/3—1/2 _ x1/4_1/2) dx
NG 2172 212 12
_ / (x1/6 B x_1/4) e r1/6+1 B 7 1/4+1 _ 27/6 B 23/4 oo §$7/6 - %x3/4 L
1/6+1 —1/4+1 7/6 3/4 7 3
/6
2. /(1 + sin x)° cos zdx
0
Solution 1:
7/6 l+4+sinz=u 1+-sin(7/6) 3/2 572
/(1 +sinz)’cosadr = | d(1+sinz) =du | = / u’du = /u5du = E}
0 cos rdr = du 1+sin0 1 L
_(3/2)6 16_ 36 I 36 20 _36—26_729—64_ 665
6 6 6-26 6 6-26 6-26  6-26  6-64 384
Solution 2: We have
l4+sinz=u
6 (1 +sinx)"

/(1+sinx)5cosxd$: d(1+sinz) =du :/u5du:%+C’:

cosxdxr = du

Therefore
" (1+sin2)87™%  (1+sin(x/6))% (1+sin0)® (1+1/2)° (140)°
/(1 + sin 7)° cos wdx = — = G — s = ; -
0

0

B/ 15 3% 1 3% 26 3626 72964 [665

6 6 6-20 6 6-26 6-26  6.26  6-64  |384




3. /935 In 7Txdx

Solution:
In7r=u |2°%dx =dv
8 6 6 1 1 1
/x51n7xdx dln7z) =du| — =wv :1n7x-x——/x—-—dx:—$61n7$——/x5dx
) 6 6 6 x 6 6
—dx = du
T
1 1 6
:6x61n7m—6~%
1 1
= 6x61n7x—%x6—|—0
4. /00827xdx
Solution: We have
9 1+ cos2a 9 1+ cosl4x
cos’"q=—— = cos’Tp=——-—"7—
2 2
Therefore
1+ cos14x 1 cosldx 1 1
2 _ — - = - 14
/cos?xdz /( 5 )dx /<2+ 5 )dx 2/d9§—|—2/00s xdx
[ 142 = u 1
1+1/ 14xd d(14x):du 1+1 1/ d 1—!—1. +C
=_—g+ — [ cosldzdr = =_—g+—-—-— | cosudu = —x+ —sinu
27 2 ldr = du 272 14 27 " 28
1
dr = —d
R Vi

1 1
= §x+2—8sin14x+0




1

5 | ———dx
N
Solution 1:
METHOD OF INTEGRATION:
(i) If vVa? — 22, then z = asin 0, —g <9< g
(ii) If va? + 22, then x = atan, —I <f< 5
3
(iii) If a2 —a?, then z = asech, 0 <0 < 50r7r<6’< ?ﬂ
We have
[ x=+/2sech
1 p dr = d(v/2sech)
—_— x —
x2y/x? —2 dz = /2 sec 6 tan 0df
| Va2 —2=2sec?0 —2 = \/2(sec?0 — 1) = V2tan?f = /2| tanf| = v/2tan 6 |
/ L V2 sec 0 tan 0d0 1/cosﬁd9 1s'n9+C'
== . = — — — S1
2sec2f - /2tan b 2 2
Va2 —2 1 1 22
Note that sinf = xi, therefore | ———dr =|-- * +C\|
x 2222 — 2 2 T

Solution 2: We first note that

st~ [ e /(““)

2 =2 2
1 / 1 2 — J \/atz
== — R x —_
2 Va2 —2 x? \/a?2

We have

1
2 —-2=u —de:dv
x

VirZ—2 1 1
/22 dm:/\/xQ—Q-?dx: dvVa? —=2)=du| ——=wv

x
———dx = du
22 _
1 1 T x2 —2 1
— 2_2 _ _ _ d:— d
! < $> /< 56) x2—2$ x +/\/:172—2$
Therefore
1 / 1/\/$2—2d
— = x
eV NZETRIETY R
1 1 1 T2 —2 1 1 1 2 —2
2| Tm—a Tty T, 2/ s R R




Solution 3 (version 1): Note that

1
x2\/x?2 — 2
1
m = —2, n:2,p:—§, a=—2,andb=1

It is known that if

m+ 1 . . D
——— + p is an integer (which is exactly the case)
n
then "
b+ — =", where N is the denominator of p
xn
Therefore we have
2 2 2-2
1- 2= = 41— 2=y = Y2
x? x? x

1
——dx =
/xzx/xz -2 4

—dr = 2udu
x
1 1 1 1 x
i E adxzidu 3 — 2dl'_§du -
1 1 x?—2
| du== _ 2.
2/ u u+C 5 . +C
Solution 3 (version 2): We have
W -
=u
x
73
X d( & ):du X .
—— = v :—/du:—u+0:
/xzx/xz—Q 2 e 2
———dr =du
x2/x? — 2
1 1
————dz = =du
x2/x? =2 2]

N —

1

2 — 2

2 —2
x

dx can be rewritten as / ™ (a + bz™)Pdx with




4+ 1
6. /x2_4dx

Solution: Since

P —d4=2"-2=(z-2) (v +2)

this is a Type I integral. Therefore first we find constants A and B such that

We have

therefore

dr+1 A

B

2—4 -2

A

B

T+ 2

A(x +2) + B(x — 2)

4 —
r—2 x+2

(x —2)(x+2)

dr+1=A(x+2)+ B(x—2)

We now can proceed in two different ways:

Method 1: If we expand the parentheses on the right-hand side of (1) and collect like terms, we get

hence

dr+1=(A+ B)x + (2A - 2B)

2A-2B =1

{A+B:4

Method 2: If we put x = —2 in (1), we get

So, we have

therefore

/7

1

7
4 x+2

9

7
= Zln|z—2|—l—11n|x—l—2|+0




o0

1
R
! /(2x+1)2 v

1

Solution 1: We have

[ 22+ 1=u ]
/#dm: d(2z+1) =du /_du__/ —2du:1. w2t _1_(;':1 u__1+C
(2z 4 1)2 2dx = du 2 —2+1 2 -1
dz:%du 1
L / =—5-+C
1
- 2(2x+1)+0

Therefore

[e¢) t

t
/7@ = lim ;dx = lim ot = lim | — ! + ! = E
(2z +1)? t—oo | (224 1)2 t—oo | 22z 4+ 1)), =\ 2(2t4+1) 2(2-1+1) 6

1 1

Solution 2: We have

2r+1=u
00 t . d(2z+1) = du . 2t41 . . 241
. . . o . . . -2
/2a:+1 2= e ™ T | 2de = du =ty [ =g [
1 1 21+1 3
dr = —du
1 —9241 72t+1 1 —172t+1 1 1 2t+1 1 1 1 1
= — lim =—lim |— =— lim |—— == —+ = | =|=
2t—00 | =2+ 1], 2100 | —1 ], 2100 | U], 2 t—oo 26+1 3 6



2
1
8. d
/\3/1—93 *
0

Solution: We have

l—ax=u
1 d(l1—2z)=du
7dI:/1—I_1/3dx:
/Vgl_x ( ) —dx = du
der = —du

Therefore

2 1
1 1
do — d
/\3/1—:,; . /\3/1—3: T
0 0

dz + lim

I
E

= lim {—5(1—x>2/3]b+ lim [—g(l—x)w]

b—1— 2 0 a—1*t
; 3 2/3 | 2/3
= lim | —=(1 —b)
b—1— 2
3 2/3 2/3
= —5(1 1)*° 4+ - +

1
b—1- /\/ a—1+ /\71— _—xdx

2

a

+ lim <— (1-— 2)2/3 + g(l _ CL>2/3)

a—>17L

3
2/3 1-1 2/3
# 5 -1)



oo
2

cos
9. Use the Comparison Test to determine whether the integral / 5

dx converges or diverges. You do

2
not need to evaluate the integral if it converges.

o o
2
. . cos“ T , . 1 cos? x
Solution: The integral / ;—dx is | convergent || because — > > 0 and / is convergent by
x x
2 1

the p-test, since p =2 > 1.

3

10. Estimate the integral / e dx using Simpson’s Rule with n = 4 (leave your answer in an e-form).

1
Give an upper bound for the error involved in this approximation.

Solution: Since
b—a 3—-1 2 1
Aa’j = = — = = = —
n 4 4 2

Simpson’s Rule gives

(612 + 4et + 2¢2° + 425 + 632)

| =

3

/e do =~ Sy = ACE[f(l)+4f(1.5)+2f(2)+4f(2.5)+f(3)]:

To give an upper bound for the error involved in this approximation we note that
flz) =2ze”,  f'(z) =26 +42%,  f"(z) = dze” + 8xe” + 8z%e” = 12z¢" + 82e
therefore
FO(z) = 126" + 242%™ + 245%™ + 162%™ = 12¢% + 482%™ + 162%™ = 4¢™ (3 + 1222 + 4a?)
Since 4 (3 + 1222 + 42*) is an increasing function on [1, 3], we have
|FD ()] = 46 (3 + 1222 + 4a*) < 4¢®* (3 +12- 3% + 4 - 3%) = 1740¢°

Therefore

Ks(b—a)®  1740¢°(3 —1)° [29 ,
Es| < _ _
|Esl = —g5m 180(4) 24"

10



